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10.

11.

Answer all the questions, maximum one can score is 50.
(All the symbols have their usual meanings)

. If A and B are n x n complex matrices, show that AB — BA = I is impossible. 5]

Let V' be the space of all n x n matrices over a field F' and let B be a fixed n x n matrix. If T’
is the linear operator on V defined by T'(A) = AB — BA and if f is the trace function, what

is T'f? 5]

Let T be the linear operator on R? which is represented in the standard ordered basis by the
-9 4 4

matrix | —8 3 4| . Prove that T is diagonalizable by exhibiting a basis for R3, each vector
—-16 8 7

of which is a characteristic vector of 7. 5]

Let A be an n x n diagonal matrix with characteristic polynomial (z — ¢;)® - - - (z — ¢, )%,

where ¢y, - - -, ¢, are distinct. Let V' be the space of n x n matrices B such that AB = BA.
Prove that the dimension of V is d? + - - - + dz. 5]

. Find a 3 x 3 matrix for which the minimal polynomial is z2. 3]

Let T be a linear operator on V. If every subspace of V' is invariant under 7', then show that
T is a scalar multiple of the identity operator. 3]

If E is a projection and f is a polynomial, then f(E) = al + bE. What are a and b in terms
of the coefficients of f7 3]

Prove that I + E is invertible, where E is a projection on the real vector space V. 3]

. Let E be a projection of V" and let T be a linear operator on V. Prove that the range of E is

invariant under 7" if and only if ETE = T'E. Prove that both the range and null space of £

are invariant under 7" if and only if ET = TE. [4+4]
0 -3 1 2
. -2 1 -1 2 . .
For the matrix A = | 5o 1 _1 9| find a Jordan canonical form J and a matrix () such
-2 -3 1 4
that J = Q TAQ. [10]

Find the rational canonical form R and an accompanying rational canonical basis for A =
0 —4 12 -7

1 -1 3 -3
0 -1 6 -4 [10]
0 -1 8 -5
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